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Abstract—We consider the problem of distributed computation of a target function over a multiple-access channel. If
the target and channel functions are matched (i.e., compute the
same function), significant performance gains can be obtained
by jointly designing the computation and communication tasks.
However, in most situations there is mismatch between these two
functions. In this work, we analyze the impact of this mismatch
on the performance gains achievable with joint computation and
communication designs over separation-based designs. We show
that for most pairs of target and channel functions there is no
such gain, and separation of computation and communication
is optimal.

I. I NTRODUCTION
The problem of computing a function from distributed
information arises in many different contexts ranging from
auctions and financial trading to sensor networks. In order to
compute the desired target function, communication between
the distributed users is required. If this communication takes
place over a shared medium, such as in a wireless setting,
the channel introduces interactions between the transmitted
signals. This suggests the possibility to harness these signal
interactions to facilitate the task of computing the desired target function. A fundamental question is therefore whether by
jointly designing encoders and decoders for computation and
communication, we can improve the efficiency of distributed
computation.
A. Summary of Results
In this paper, we explore this question by considering
the computation of a function over a two-user multipleaccess communication channel. More formally, the setting
consists of two transmitters observing a (random) variable
u1 ∈ U and u2 ∈ U, respectively, and a receiver aiming to
compute the function a(u1 , u2 ) ∈ W of these variables. The
two transmitters are connected to the destination through a
multiple-access channel (MAC) with inputs x1 , x2 ∈ X and
output y = g(x1 , x2 ) ∈ Y, where g(·, ·) describes the actions
of the channel.
A straightforward achievable scheme for this problem is
to separate the tasks of computation and communication:
the transmitters communicate the values of u1 and u2 to
the destination, which then uses these values to compute the
desired target function a(u1 , u2 ). This requires the receiver to
decode 2 log|U| message bits. However, the MAC itself also
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computes a function g(x1 , x2 ) of two inputs x1 , x2 , creating
the opportunity of taking advantage of the structure of g(·, ·)
to calculate a(·, ·). This is trivially possible when g(·, ·) and
a(·, ·) are matched, i.e., compute the same function on their
inputs. In such cases, performing the tasks of computation
and communication jointly results in significantly fewer bits
to be communicated. Indeed, in the matched case only the
log|W| bits describing the function value are recovered at the
receiver. This could be considerably less than the 2 log|U|
bits resulting from the separation approach. Naturally, in
most cases the channel g(·, ·) and the target function a(·, ·)
are mismatched. The question is thus whether we can still
obtain performance gains over separation in this mismatched
situation. In other words, we ask if in general the natural
computation done by the channel can be harnessed to help
with the computation of the desired target function.
We consider two cases: i) One-shot communication, where
the MAC is used once, but the channel input alphabet X and
output alphabet Y are allowed to vary as a function of the the
domain U of the target function. In this case, performance
is measured in terms of the scaling needed for the channel
alphabets with respect to the message alphabet, i.e., how
|X |, |Y| grow with |U|. This is closer to the formulation in
the computer science literature. ii) Multi-shot communication,
where the channel alphabets |X |, |Y| are of fixed size, but the
channel can be used several times. In this case, performance
is measured in terms of the computation rate, i.e., how many
channel uses are needed to compute the target function. This
is closer to the formulation considered in information theory.
As the main result of this paper, we show that, even in the
case when the channel g(·, ·) is deterministic1 , separation between computation and communication is essentially optimal
for most pairs (a, g) of target and channel functions. In other
words, the structural mismatch between the functions a(·, ·)
and g(·, ·) is in general too strong for joint computation and
communication designs to yield any performance gains.
We illustrate this with an example for one-shot commu1 In joint computation and communication the aim is to take advantage of
the structure of the function g(·, ·) computed by the channel to more efficiently compute the desired target function a(·, ·). The presence of channel
noise can only make it more difficult to harness the channel for computation.
Thus, by focusing on deterministic channels, we are considering the most
favorable situation for joint computation and communication.
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nication. Assume that the variables u1 , u2 at the transmitters
take on a large range of values, say |U| = 21000 , and the
receiver is only interested in knowing if u1 ≥ u2 , i.e., in
a binary target function. Then for most MACs and oneshot communication, a consequence of Theorem 2 in Section
III (illustrated in Example 3) is that the transmitters need
to convey the entire values of u1 , u2 to the destination,
which then simply compares them. Thus, even though the
destination is interested in only a single bit about (u1 , u2 ),
it is still necessary to transmit 2 log|U| = 2000 bits over the
channel.
More generally, Theorems 1 and 2 in Section III together
demonstrate that for most functions separation of computation and communication is asymptotically optimal for most
MACs. Example 4 illustrates that only for special functions
like an equality check (i.e., checking whether u1 = u2 ) can
we significantly improve upon the simple separation scheme.
The technical ideas that enable these observations are based
on a connection with results in extremal graph theory such
as existence of complete subgraphs and matchings of a given
size in a bipartite graph. These connections might be of
independent interest.
Similarly, for multi-shot communication, where we repeatedly use a fixed channel, Theorem 4 in Section III shows
that for most functions, the computation rate is necessarily
as small as that for the identity target function describing
the entire variables u1 , u2 at the destination. In other words,
for a given channel function separation of computation and
communication is again optimal for most target functions.
To prove this result, the usual approach using cut-set bound
arguments is not tight enough. Indeed, Example 6 shows
that the ratio between the upper bound on the computation
rate obtained from the cut-set bound and the correct scaling
derived in Theorem 4 can be unbounded. Rather, the structures of the target and channel functions have to be analyzed
jointly.
These results show that, in general, there is little or no
benefit in joint designs: computation-communication separation is optimal for most cases. We thus advocate in this
paper that separation of computation and communication for
multiple-access channels is not just an attractive option from
an implementation point of view, but, except for special cases,
actually entails little loss in efficiency.

Function computation over networks represented as graphs
has recently been studied in [5]–[7] and references therein.
In most of these works, communication channels are
represented as orthogonal point-to-point links. When the
channel itself introduced signal interaction, as is the case
for a MAC, there can be a benefit from jointly handling the
computation and communication tasks as illustrated in [8].
Function computation over MACs has been studied in [9]–
[12] and references therein.
There is some work touching on the aspect of structural
mismatch between the target and the channel functions.
In [13], an example was given in which the mismatch
between a linear target function with integer coefficients
and a linear channel function with real coefficients can
significantly reduce efficiency. In [12], it was conjectured
that, for computation of finite-field addition over a realaddition channel, there could be a gap between the cutset bound and the computation rate. In [14], mismatched
computation when the network performs linear finite-field
operations was studied. To the best of our knowledge, a
systematic study of channel and computation mismatch is
initiated in this work.
C. Organization
The paper is organized as follows. In Section II, we
formally introduce the questions studied in this paper. We
present the main results along with illustrative examples in
Section III. For brevity, we do not include any proofs here.
All proofs can be found in [15].
II. P ROBLEM S ETTING AND N OTATION
Throughout this paper, we use sans-serif font for random
variables, e.g., u. We use bold font lower and upper case
to denote vectors and matrices, e.g., y and G. All sets are
typeset in calligraphic font, e.g., X . We denote by log(·) and
ln(·) the logarithms to the base 2 and e, respectively.
u1

x1

MAC
g(x1 , x2 )

B. Related Work

u2

The problem of distributed function computation has a rich
history, see, e.g., [1] and references therein. Early seminal
work by Yao [2] considered interactive communication between two parties. Among several other important results, the
paper showed that the number of exchanged bits required to
compute most target functions is as large as for the identity
function. Distributed function computation was also studied
by Körner and Marton in [3], where it was shown that for
the computation of the finite-field sum of correlated sources,
linear codes can outperform random codes. Orlitsky and
Roche [4] derived the rate required for reliable computation
of the function a(u1 , u2 ) when u2 is available at the decoder.

f1

f2

y

φ

b
a

x2

Fig. 1. Computation over a deterministic multiple-access channel. Each
user i has access to an independent message ui , and the receiver computes
an estimate b
a of the target function a(u1 , u2 ) of those messages.

A discrete, memoryless, deterministic two-user multipleaccess channel (MAC) consists of two input alphabets X1
and X2 , an output alphabet Y, and a deterministic channel
function g : X1 × X2 → Y. Given channel inputs x1 , x2 , the
output of the MAC is
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y , g(x1 , x2 ).

Each transmitter i ∈ {1, 2} has access to an independent and
uniformly distributed message ui ∈ Ui . The objective of the
receiver is to compute a target function a : U1 × U2 → W of
the user messages, see Fig. 1.
Formally, each transmitter i consists of an encoder
fi : Ui → Xi mapping the message ui into the channel input
xi , fi (ui ).
The receiver consists of a decoder φ : Y → W mapping the
channel output y into an estimate

We denote by A(U, W ) the collection of all target functions a : U × U → W. Similarly, we denote by G(X, Y ) the
collection of all channels g : X × X → Y. The next example
introduces several target functions A and channels G that
will be used to illustrate results in the remainder of the paper.
Example 1. We start by introducing three target functions
a(·, ·).
• Let W = U × U. The identity target function is
a(u1 , u2 ) , (u1 , u2 )

b
a , φ(y)

of the target function a(u1 , u2 ). The probability of error is

P a(u1 , u2 ) 6= φ(y) .

•

Remark: We point out that this differs from the ordinary
communication setting, in which the decoder aims to recover
both messages (u1 , u2 ). Instead, in the setting here, the
decoder is not interested in (u1 , u2 ), but only in the value
a(u1 , u2 ) of the target function.

•

In the following, it will often be convenient to represent
the target function a(·, ·) and the channel g(·, ·) by their
corresponding matrices A = (au1 ,u2 ) ∈ W U1 ×U2 and
G = (gx1 ,x2 ) ∈ Y X1 ×X2 , respectively. In other words,

for all u1 , u2 ∈ U. Since we will refer to the identity
target function repeatedly, we will denote it by the
symbol AI .
Let W = {0, 1}. The equality target function is
(
1, if u1 = u2
a(u1 , u2 ) ,
0, otherwise
for all u1 , u2 ∈ U.
Let W = {0, 1}. The greater-than target function is
(
1, if u1 > u2
a(u1 , u2 ) ,
0, otherwise

for all u1 , u2 ∈ U.
We now introduce two channels g(·, ·).
• Let X = {0, 1} and Y = {0, 1, 2}. The binary adder
MAC is given by

au1 ,u2 = a(u1 , u2 ) ∈ W,
gx1 ,x2 = g(x1 , x2 ) ∈ Y.
For n ∈ N, denote by G⊗n the n-fold use of the same
channel matrix G. In other words, the matrix G⊗n describes
the actions of the (memoryless) channel G on the sequence

(x1 [1], x2 [1]), (x1 [2], x2 [2]), . . . , (x1 [n], x2 [n])

g(x1 , x2 ) , x1 + x2

•

of length n of channel inputs.

Definition. A pair (A, G) of target and channel functions
is δ-feasible, if there exist encoders f1 , f2 and a decoder φ
computing the target function A over G with probability of
error at most δ.

for all x1 , x2 ∈ X , and where + denotes ordinary
addition.
Let X = {0, 1} and Y = {0, 1}. The Boolean ∨ or
Boolean OR MAC is
(
0, if x1 = x2 = 0
g(x1 , x2 ) ,
1, otherwise
for all x1 , x2 ∈ X .

⊗n

Remark: We will often consider pairs (A, G ), in which
case the definition of δ-feasibility allows for coding over n
uses of the channel G.
Without loss of generality, we assume that the target
function A has no two identical rows or two identical
columns, since we could otherwise simply eliminate one of
them. For ease of exposition, we will focus on the case

The emphasis in this paper is on the asymptotic behavior
for large function domains, i.e., U → ∞. We allow the other
cardinalities X(U ), Y (U ) and W (U ) to scale as a function
of U . We use the notation
˙ Ua
X(U ) ≤
for the relation

U1 = U2 = U,
X1 = X2 = X .

lim sup

To simplify notation, we assume without loss of generality
that
U = {0, 1, . . . , U − 1},
W = {0, 1, . . . , W − 1},

♦

U→∞

log(X(U ))
≤a
log(U )

˙ Similarly, we use
and analogously for <.
˙ Ua
X(U ) ≥

X = {0, 1, . . . , X − 1},
Y = {0, 1, . . . , Y − 1}.

for the relation

Finally, to avoid trivial cases, we assume that all cardinalities
are strictly bigger than one, and that W ≤ U 2 .
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lim inf
U→∞

log(X(U ))
≥a
log(U )

˙ Finally,
and analogously for >.
.
X(U ) = U a
is short hand for
˙ U a and X(U ) ≥
˙ U a.
X(U ) ≤
.
For example, X(U ) = U a is equivalent to X(U ) = U a±o(1)
as U → ∞. With slight abuse of notation, we will write
˙ U η for some finite η.
˙ U ∞ to mean that X(U ) ≤
X(U ) <
Throughout this paper, we are interested in efficient computation of the target function a(·, ·) over the channel g(·, ·).
In Theorems 1 and 2 only a single use of the channel is
permitted, and efficiency is expressed in terms of the required
cardinalities X(U ) and Y (U ) of the channel alphabets as
functions of U . In Theorems 3 and 4, multiple uses of
the channel are allowed, and efficiency is then naturally
expressed in terms of the number of required channel uses
n(U ) as a function of U .
Finally, all results are stated in terms of the fraction
of channels (in Theorems 1 and 2) or target functions (in
Theorem 4) for which successful computation is possible.

Instead, we show that for most pairs (A, G) of target function
and MAC, separation of computation and communication is
close to optimal.
We discuss the single channel-use case in Section III-A,
and the n channel-uses case in Section III-B.
A. Single Channel Use (n = 1)
In this section, we will focus on the case where the target
function needs to be computed using just one use of the
channel. In this case, the natural value of the upper bound
on the probability of error is δ = 0. In other words, we will
be interested in 0-feasibility.
We start by deriving conditions under which computation
of the identity target function (also introduced in Example 1)
over a MAC is feasible. Equivalently, these conditions guarantee that any target function with same domain cardinality
U can be computed over a MAC by separating computation
and communication as discussed above.
Theorem 1. Let AI ∈ A(U, U 2 ) be the identity target
function, and assume
˙ U.
X(U ) >

III. M AIN R ESULTS
Let AI ∈ A(U, U 2 ) be the identity target function introduced in Example 1, and let G be an arbitrary channel
matrix. Consider any other target function A ∈ A(U, W )
over the same domain U × U, but with possibly different
range W. Assume (AI , G) is δ-feasible. Then (A, G) is also
δ-feasible, since we can first compute AI (and hence b
u1 and
b
u2 ) over the channel G and then simply apply the function
A to the recovered messages b
u1 and b
u2 . This architecture,
separating the computation task from the communication
task, is illustrated in Fig. 2.
u1

f1

x1

MAC
g(x1 , x2 )

u2

f2

y

b
u1
φ

a

b
a

b
u2

x2

Fig. 2. Separation-based scheme computing the function a(·, ·) over the
MAC g(·, ·). The receiver first decodes the original messages (b
u1 , b
u2 ) and
then evaluates the desired target function a(b
u1 , b
u2 ).

As a concrete example, let A be the greater-than target
function introduced in Example 1. The range W = {0, 1}
of A has cardinality two. On the other hand, the identity
function AI has range U × U of cardinality U 2 . In other
words, for large U , the identity target function is considerably
more complicated than the greater-than target function. As a
result, one might expect that the separation-based architecture
in Fig. 2 is highly suboptimal in terms of the computation
efficiency as described in Section II. As the main result of
this paper, we prove that this intuition is wrong in most cases.

(1a)

If the MAC G ∈ G(X(U ), Y (U )) contains at least X 2 (U ) −
X(U ) + 1 distinct entries, then (AI , G) is 0-feasible.
In particular, if in addition

then
lim

U→∞



˙ U 3,
Y (U ) >

(1b)

G ∈ G(X(U ), Y (U )) : (AI , G) is 0-feasible
|G(X(U ), Y (U ))|

= 1.

Recall that G(X, Y ) is the collection of all channels G of
dimension X × X and range of cardinality Y . Theorem 1
(together with the separation approach discussed earlier)
thus imply roughly that any target function of domain of
cardinality U can be computed over most MACs of input
cardinality X(U ) of order at least U and output cardinality
Y (U ) of order at least U 3 . The precise meaning of “most” is
that the fraction of channels G for which the statement holds
goes to one as U → ∞. In fact, the fraction of channels for
which the theorem fails to hold is exponentially small.
It follows trivially that the above result also holds for any
arbitrary target function A ∈ A(U, W (U )), regardless of the
range cardinality W (U ). Similarly, since it is clear that the
channel input alphabet cardinality X(U ) has to be at least of
order U for successful computation, we see that the condition
on X(U ) in Theorem 1 is not a significant restriction. What
is significant, however, is the restriction that Y (U ) is at least
of order U 3 . The next result shows that this restriction on
Y (U ) is essentially also necessary.
Before we state the theorem, we need to introduce one
more concept.
Definition. Consider a target function a : U × U → W. For
a set Wi ⊂ W, consider
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a−1 (Wi ) , {(u1 , u2 ) ∈ U × U : a(u1 , u2 ) ∈ Wi }.

For c ∈ (0, 1/2], the target function a(·, ·) is said to be cbalanced if there exist a partition W0 , W1 of W such that
|a−1 (Wi )| ≥ c · U 2
for all i ∈ {0, 1}.
Most functions are c-balanced for any c < 1/3
and W (U ) as long as U is large enough. Indeed,
choosing W1 = {0, . . . , ⌊W (U )/2⌋ − 1} and W2 =
{⌊W (U )/2⌋, . . . , W (U ) − 1} shows that

A ∈ A(U, W (U )) : A is 1/3-balanced
= 1, (2)
lim
U→∞
|A(U, W (U ))|
where we recall that A(U, W ) denotes the collection of all
target functions A of dimension U ×U and range of cardinality W . In fact, the convergence in (2) is again exponentially
fast2 in U . Moreover, many functions of specific interest are
balanced.
Example 2. Consider the target functions introduced in
Example 1.
• The identity and the greater-than target functions are cbalanced for any constant c < 1/2 and U large enough.
• The equality target function is not c-balanced for any
constant c > 0 as U → ∞. Indeed, since W (U ) = 2
in this case, the only choice (up to labeling) is to set
W0 = {0} and W1 = {1}. Then |a−1 (W0 )| = U 2 − U
and |a−1 (W1 )| = U , which is not c-balanced for any
constant c > 0 as U → ∞.
♦
We have the following converse result to Theorem 1 for
balanced target functions.
Theorem 2. Fix a constant c ∈ (0, 1/2] independent of U .
Assume W (U ) ≥ 2 and
˙ U ∞,
X(U ) <
˙ U 3.
Y (U ) <

output has to be at least of order U 3 for successful computation.
Comparing this to Theorem 1, we see that the same
scaling of Y (U ) allows computation of a target function
using a separation based scheme (i.e., by first recovering the
two messages (b
u1 , b
u2 ) and then applying the target function
to compute the estimate b
a = a(b
u1 , b
u2 )). Thus, for the
computation of a given balanced function over most MACs,
separation of computation and communication is essentially
optimal. Moreover, since most functions are balanced by (2),
the same also holds for most pairs (A, G) of target and
channel functions.
Example 3. Let A be the greater-than target function of
domain U × U introduced in Example 1. Note that this target
function has range of cardinality W (U ) = 2, i.e., A is
binary. From Example 2, we know that A is balanced for
any constant c < 1/2 and U large enough. Thus Theorem 2
applies, showing that, for large U and most MACs G,
separation of computation and communication is essentially
optimal.
Observe that the receiver is interested in only a single bit
of information about (u1 , u2 ). Nevertheless, the structure of
the greater-than target function is complicated enough that,
in order to recover this single bit, the decoder is essentially
forced to learn (u1 , u2 ) itself. In other words, in order to
compute the single desired bit, communication of 2 log(U )
message bits are essentially necessary.
♦
Theorem 2 is restricted to balanced functions. Even though
only a vanishingly small fraction of target functions is not
balanced, it is important to understand this restriction. We
illustrate this through the following example.
Example 4. Assume W (U ) = 2 and
˙ U,
X(U ) >
˙
Y (U ) > U.

(3a)
(3b)

Let A ∈ A(U, W (U )) be any c-balanced target function.
Then

G ∈ G(X(U ), Y (U )) : (A, G) is 0-feasible
= 0.
lim
U→∞
|G(X(U ), Y (U ))|
˙ U ∞ is used to indicate
Recall that the notation X(U ) <
that X(U ) grows at most polynomially in U —an assumption
that is quite mild. Thus, Theorem 2 states roughly that in
order to compute any balanced target function over most
MACs, the cardinality Y (U ) of the channel output has to be
at least of order U 3 regardless of the value of W (U ). Here
the precise meaning of “most” is again that the fraction of
channel matrices for which computation with fewer channel
outputs Y (U ) is possible converges to zero, and again this
convergence is, in fact, exponentially fast in U . Moreover,
combined with (2), this shows that for most pairs (A, G) of
target and channel functions, the cardinality of the channel
2 This follows directly from results on the convergence of empirical
distributions.

(4a)
(4b)

Let A= ∈ A(U, 2) be the equality target function introduced
in Example 1. Then3

G ∈ G(X(U ), Y (U )) : (A= , G) is 0-feasible
= 1.
lim
U→∞
|G(X(U ), Y (U ))|
(5)
This result shows that the equality function can be computed over a large fraction4 of MACs with output cardinality
Y (U ) of order at least U . This contrasts with output cardinality Y (U ) of order U 3 that is required for successful
computation of balanced functions in Theorem 2. Recall
from Example 2 that the equality target function is not
c-balanced for any c > 0 and U large enough. Thus, (5)
does not contradict Theorem 2. It does, however, show
3 Similar to Theorem 1, one can state precise conditions for an arbitrary
G to enable computation of the equality target function. We again show
that most G satisfy these conditions. Since these conditions are a bit more
complicated, we do not state them here, but refer the reader to [15] instead.
4 As an aside, the proof only shows that this fraction converges to 1
inversely in U and therefore the fraction of “bad” channels for computing
the equality function diminishes much slower than those in Theorems 1 and
2.
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that for unbalanced functions separation of computation and
communication can be suboptimal.
♦
B. Multiple Channel Uses (n ≥ 1)
In this section, we allow multiple uses of the MAC. Our
emphasis will again be on the asymptotic behavior for large
function domains U → ∞. However, in this section we
keep the MAC g(·, ·), and hence also the cardinalities of the
channel domain X and channel range Y, fixed. Instead, we
characterize the minimum number n = n(U ) of channel uses
required to compute the target function.
As we shall see, the behavior of n(U ) is governed by the
maximum entropy that can be induced at the channel output.
Formally, for a MAC g(·, ·), define

H ⋆ (g) , max H g(x1 , x2 ) ,
(6)
x1 ,x2

where the maximization is over all independent random
variables x1 , x2 taking values in the channel input alphabet
X , and where H(·) denotes entropy. When convenient, we
use the notation H ⋆ (G) instead of H ⋆ (g), where G is
the channel matrix corresponding to the MAC g(·, ·). For
simplicity, we will restrict attention to the following class of
MACs.
Definition. A MAC G is said to be equal-rate optimal if
the point (H ⋆ (G)/2, H ⋆ (G)/2) lies in the capacity region
of G, where the capacity region of a MAC is as defined in
[16, Theorem 14.3.1].
Example 5. Both the binary adder MAC and the Boolean
OR MAC introduced in Example 1 are equal-rate optimal. In
general, any symmetric MAC is equal-rate optimal.
♦
We begin by stating a result for the identity target function
introduced in Example 1. Equivalently, this result applies to
any target function (with the same domain cardinality U ) by
using a communication scheme separating computation and
communication.
Theorem 3. Fix a constant δ > 0 independent of U , and
assume that X and Y are constant. Let AI ∈ A(U, U 2 ) be
the identity target function, and let G ∈ G(X, Y ) be any
equal-rate optimal MAC. Then, for any n(U ) such that
2n(U)H

⋆

(G)

> U 2,

(AI , G⊗n(U) ) is δ-feasible for U large enough.
The result follows directly from the maximum achievable
sum-rate for ordinary communication over the MAC, see for
example [16, Theorem 14.3.1], and the assumption that the
MAC G is equal-rate optimal.
Using separation, Theorem 3 implies that for large enough
U , any target function of cardinality U can be reliably
computed over n(U ) uses of an equal-rate optimal MAC G
⋆
as long as 2n(U)H (G) is bigger than U 2 . Or, equivalently,
the number of channel uses n(U ) needs to be larger than
2 log(U )/H ⋆ (G). The next result states that for most functions this restriction on n(U ) is essentially also necessary.

Theorem 4. Assume that5
W (U ) ≥ ω(1)
as U → ∞, that 0 ≤ δ ≤ 1/(2 ln(W (U ))), and that X and
Y are constant. Let G ∈ G(X, Y ) be any MAC. Then, for
any n(U ) such that
2n(U)H

⋆

(G)

˙ U 2,
<

we have

A ∈ A(U, W (U )) : (A, G⊗n(U) ) is δ-feasible
lim
U→∞
|A(U, W (U ))|

= 0.

Recall that A(U, W ) denotes the collection of all target
functions A of dimension U ×U and range of cardinality W .
Together, Theorems 3 and 4 thus show that, for any equal-rate
optimal MAC and most target functions, the smallest number
of channel uses n⋆ (U ) that enables reliable computation is of
order 2 log(U )/H ⋆ (G). Moreover, they show that for most
such pairs, separation of computation and communication
is essentially necessary and sufficient if we allow multiple
uses of the channel and nonzero error probability. Here the
precise meaning of “most” is that the statement holds for all
but a vanishing fraction of functions. Moreover, the proof
of the theorem shows again that this fraction is, in fact,
exponentially small in U .
Example 6. Consider a target function of range with cardinality W (U ) = log(U ). Let G be the binary adder MAC
introduced in Example 1. Then
H ⋆ (G) = 3/2.
Theorems 3 and 4 show that, for most functions A of domain
U × U and range log(U ), the smallest number of channel
uses n⋆ (U ) required for reliable computation is of order
4 log(U )/3. Moreover, this performance can be achieved by
separating computation and communication. In other words,
even though the receiver is only interested in log log(U )
function bits, it is essentially forced to learn the 2 log(U )
message bits as well.
This example also illustrates that the usual way of proving
converse results based on the cut-set bound is not tight for
most (A, G) pairs. For example, [11, Lemma 13] shows
using the cut-set bound that for reliable computation we need
to have
n(U )H ⋆ (G) ≥ H(a(u1 , u2 ))
where H(·) denotes entropy. Since A has range of cardinality
W (U ), we have
H(a(u1 , u2 )) ≤ log(W (U )).
For W (U ) = log(U ) and H ⋆ (G) = 3/2 as considered here,
the tightest bound that can in the best case be derived via
the cut-set approach is thus
n⋆ (U ) ≥ log(W (U ))/H ⋆ (G) = 2 log log(U )/3.
5 Recall that the notation W (U ) ≥ ω(1) as U → ∞ stands for
limU →∞ W (U ) = ∞.
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However, we know that the correct scaling for n⋆ (U ) is
4 log(U )/3. Hence, the cut-set bound is loose by an unbounded factor as U → ∞.
♦
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