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Abstract— In this paper we study the nested (degraded) message set problem, where user i ∈ {1, . . . , K} requires messages
W1 , . . . , Wi . We study this for a MIMO linear deterministic
broadcast channel model, which is motivated by some recent
successes in using such models to obtain insights into approximate characterizations for the Gaussian relay and interference
channels. We establish the complete solution for the K = 3
user nested message problem for the MIMO linear deterministic
broadcast channel. We also establish some extremal points for
the general K-user case, where there are only two messages of
interest.

I. I NTRODUCTION
One of the classical problems in multi-user information
theory is that of broadcast, where a set of messages is to be
conveyed reliably from a single source to many receivers. This
problem was formulated by Cover [4] and the solution to this
problem is still open. The complete solution to this problem
has been obtained for the case where there is a degradation
order between the users’ channels [2], [10]. For example,
the scalar Gaussian broadcast channel has such an ordering
and therefore one can have a complete solution for such a
case. More recently the MIMO broadcast channel has been
solved for the case where only individual (private) messages
are needed by the users [17]. However, a complete answer for
this case is unknown if some of the users require common
subsets of messages.
Consider a two user broadcast channel, where both user 1, 2
are interested in message W1 and only user 2 is interested in
message W2 . This means that the messages required by the
users are degraded, though the channels may not be so. This
case has been completely solved in [12]. Given this, one would
hope that perhaps by asking for less, i.e., giving structure
to the message sets needed by the users, we could make
progress on the broadcast problem. However, even the three
user problem where all users are interested in W1 , and only
user 3 is interested in W3 is still unresolved. Given this dismal
situation, we would like to make progress by perhaps further
simplifying the problem. The best known coding theorem for
the general broadcast channels is by Marton [14], and the idea
behind the coding scheme becomes transparent if we study the
deterministic (noiseless) version of the problem (see [11] and
references therein). Motivated by this, we study a deterministic
version of the broadcast channel with degraded message sets.
We study a particular deterministic model which is motivated by the MIMO Gaussian broadcast problem in the high

SNR regime. A similar line of research has led to capacity
characterizations within a constant number of bits for many
problems like the interference channel [9], [3] and the relay
channel [1]. However, we would like to point out that in this
paper we do not prove any results for the MIMO Gaussian
broadcast with degraded message set problem which still
remains open in general. However, the hope is that given
the ideas for the deterministic case, we can make progress
towards at least an approximate characterization for the MIMO
Gaussian degraded message set problem. Our approach is to
reduce the degraded message set broadcast problem into many
virtual multicast problems which can then be solved using
compound channel codes or more explicitly by linear network
codes. Another related recent paper is [19] which adopts a
deterministic network coding based approach for designing
universal codes for Gaussian channels.
Another motivation for studying the problem from this
viewpoint comes from a broadcast strategy for transmitting
over an uncertain point-to-point wireless link. Given the
uncertainty in wireless channel, the classical approach is to
ensure a desired level of reliability against adverse channels
while maximizing the transmission rate. This tradeoff between
rate and reliability is fundamental [20]. However, the classical
approach, while ensuring reliability against adverse channels
(deep fades), does not take advantage of good channel realizations. An alternate strategy was proposed in [5], where a highreliability code was embedded within a higher rate code. This
allowed opportunistic communication where the high rate code
opportunistically takes advantage of good channel realizations
whereas the embedded high-diversity code ensures that at least
part of the information is received reliably.
A natural way to formalize this strategy is using the notion
of outage. Given the space of channel realizations, we divide
it into outage set O and a non-outage set Ō. We require a
code which can be decoded reliably (with arbitrarily small
error probability) for all channels in the set Ō. In terms of
outages, diversity embedded codes (or opportunistic codes)
can be viewed as sending two messages mH (higher priority)
and mL (lower priority) such that mH is recovered reliably
for all channels in the non-outage set ŌH , but in addition mL
is to be recovered if we get a better channel in G ⊂ ŌH . We
can connect this idea to broadcast codes with two (degraded)
messages by thinking of the set of users as identified by
the different channel realizations in ŌH . We identify mH

as the common message to be delivered to all the users and
mL as a private message to be delivered to a subset of the
users G ⊂ ŌH . Therefore, in this setting we would like to
characterize the performance in the high-SNR regime, and
therefore even an approximate characterization of this problem
would be sufficient for this problem. This was formalized in
[6], where it was shown that for parallel channels, there was
a coarse characterization when we needed to ensure that the
high-priority message mH got performance as if it were on its
own (i.e., its reliability-rate was on the diversity-multiplexing
trade-off). This result was obtained by solving the underlying
degraded message set problem for Gaussian parallel channels
[6]. In this case, we do not get successive refinable property
of the diversity-multiplexing trade-off as was seen in the case
of single transmit antenna (SIMO) and single receive antenna
(MISO) under Rayleigh fading [7]. In order to characterize all
possible rate-diversity tuples for the diversity embedded codes,
we would need to approximately solve the MIMO Gaussian
degraded message set problem. This motivates understanding
the MIMO case using the specific linear deterministic model
and formulation studied in this paper.
In this paper, the main focus is on the 3-user problem
where we provide a complete characterization for the rate
region for the nested (degraded) message set problem for linear
deterministic broadcast channels. The message degradation in
this case is that W1 is interesting to all users, W2 is for
users 2, 3 and finally W3 is the private message for user
3. We also have a partial characterization for the K-user
problem for specific rate tuples; when there are only two
messages, one common and other private for user K; also
when one message is common and the other is interesting to
all except user 1. However, the general K-user characterization
for the degraded message set problem, even for the linear
deterministic broadcast model, is open.
The paper is organized as follows. In Section II, we give
the specific deterministic model and motivate its use in our
problem. We also state the main results obtained in this paper.
In Section III, we prove the outer bounds associated with
the main results and in Section IV, provide the matching
achievability results. We conclude with a brief discussion in
Section V.
II. P ROBLEM STATEMENT AND RESULTS
A. Model
We consider the following linear deterministic broadcast
channel which is motivated by some connections to the
Gaussian case (see [9], [3], [1]). The input X to the channel
lies in an m-dimensional vector space Fm , where F is a finite
field. Let the set of users be represented by U = {1, 2, . . . , K}.
Then, for every k ∈ U, user-k receives the nk dimensional
vector,
Yk = Hk X,
where Hk is an nk × m-matrix in F. There are K messages
W1 , W2 , . . . , WK of rates R1 , R2 , . . . , RK respectively. The

k-th user is interested in receiving all the messages up to and
including message-k.
We will express all rates in terms of log2 |F| bits/sample.
Let us denote the point-to-point" capacity
#! of user-k by rk =
H1
rank(Hk ). Also, r1,2 = rank
, the point-to-point
H2
capacity when users 1 and 2 co-operate, and in general when
the set S users co-operate, the rate is denoted by rS . Also,
we will denote" the dimension
of the null-space of Hk by Nk ,
#
H1
null-space of
by N1,2 and in general the dimension
H2
of the null space of the matrix containing {Hk }k∈S is denoted
by NS .
Before we present our results for K = 3 and more, let
us consider the case of K = 2. The capacity region has a
particularly simple form and can be achieved using a simple
blocklength-1 strategy as we show below.
Theorem II.1. For K = 2 users, the capacity region of
the linear deterministic broadcast channel, besides the nonnegativity constraints on the rates is given by

R1
R1 + R2

≤ min{r1 , r2 },

(1)

≤ r2 .

(2)

The converse readily follows from point-to-point capacity
considerations. The achievability scheme is also simple. We
will see how the corner point (R1 = min{r1 , r2 }, R2 =
r2 − min{r1 , r2 }) can be achieved using a blocklength-1
strategy. Supposed w1,1 , . . . , w1,R1 are arbitrary elements in F
representing the common message, and w2,1 , . . . , w2,R2 represent the private message. To see the explicit coding strategy,
we first we note that there is a basis B = B1,2 ∪ B1 ∪ B2 ∪ B0
such that B1,2 is a basis for N1 ∩ N2 , and B1,2 ∪ Bk is a basis
for Nk , for k = 1, 2. The input vector X is chosen as a linear
combination of these basis vectors with the co-efficients being
the messages W ’s as follows. We first pick the set B0 which is
not in either of the null-spaces and weight these vectors with
distinct common messages. If B0 is a matrix whose columns
(1)
are the elements of B0 and W1 is the column vector of the
(1)
first w1,k messages chosen such that the length of W1 , then
(1)
we get B0 W1 . Since the rest of the basis vectors are in at
least one of the null spaces, the rest of the common message
has to be repeated. For user 1, we form B2 by choosing
column vectors from B2 and multiply with the rest of the
(2)
(2)
common messages W1 to get B2 W1 . Note that the size
of B0 ∪ B2 is r1 and this ensures that we will not run out of
(2)
basis vectors to accommodate all of W1 . Similarly, we form
(1)
(2)
a B1 from B1 for user 2 to get W1 . Since |B0 ∪ B1 | = r2 ,
(1)
we should have R2 vectors in B1 left over after forming B1 .
(2)
We form a matrix B1 from them and use it to send the private

message vector W2 . In summary, we have

X=

h

B0

B2

(1)
B1

(2)
B1

(1)

W1
i
 W1(2)


 W1(2)
W2

constraint on the rates of messages W2 and W3 imposed by the
fact that the common message W1 needs to be served to both
users 1 and 2 assuming that user 3 is not the bottleneck. When
user 3 is the bottleneck, the other inequalities are enough as
we will see. Using Fano’s inequality for user 1 and message
W1 (and dropping o(n) terms), we can write




.



From the choices we made, it is clear that both users can
recover the common message and user 2 can recover, in
addition, the private message by matrix inversion.

nR1 ≤ I(W1 ; Y1n )
= H(Y1n ) − H(Y1n |W1 )
≤ nr1 − H(Y1n |W1 )
We can re-write this as

B. Results
For the 3-user problem, besides inequalities of the form (1)
and (2), the characterization of the capacity region involves an
additional inequality. The result is
Theorem II.2. For K = 3, the capacity region of the linear
deterministic broadcast channel, besides the non-negativity
constraints on the rates is given by
R1 ≤ min{r1 , r2 , r3 },
R1 + R2 ≤ min{r2 , r3 },
R1 + R2 + R3 ≤ r3 , and
2R1 + R2 + R3 ≤ r1 + r2 + r1,2,3 − r1,2 .

(3)

Applying Fano’s inequality again, but now for user 3 and
messages W2 and W3 (and dropping o(n) terms)
n(R2 + R3 ) ≤ I(W2 , W3 ; Y3n )
≤ I(W2 , W3 ; Y3n |W1 )

(5)

= H(Y1n , Y2n , Y3n |W1 )
≤ H(Y1n |W1 ) + H(Y2n |W1 ) + H(Y3n |Y1n , Y2n )
≤ n(r1 − R1 ) + n(r2 − R1 ) + H(Y3n |Y1n , Y2n ),

(6)

(7)

mR1 + RK
≤ min{ra1 + ra2 + . . . + ram + ra1 ,a2 ,...,am ,K − ra1 ,a2 ,...,am :

where we used the determinism of the channel in step 4 and
the two numbered inequalities above in the last step. To upperbound H(Y3n |Y1n , Y2n ), we will bound for any (consistent)
realization for the outputs of users 1 and 2 at time k, the
number of possibilities the output Y3,k of user 3 at time k
can take. Let U1 be a matrix whose column vectors form a
basis for N1,2,3 . Then we can find a matrix U2 such that the
column vectors of U1 and U2 form a basis for N1,2 . Also we
can find a matrix U3 such that the column vectors of all these
three U -matrices is a basis B for the input space Fm . Given
Y1,k and Y2,k , the coefficients of the basis vectors in U3 for
the expansion of Xk in the above basis B is specified. Also,
irrespective of what the coefficients for the basis vectors in
U1 are, Y3,k remains the same. The possible values of Y3,k
are determined by the choice of coefficients for vectors in U2 .
Since there are
rank(N1,2 ) − rank(N1,2,3 ) = r1,2,3 − r1,2

1 ≤ a1 < a2 < . . . < am ≤ K − 1,
(8)

(ii) For R3 = . . . = RK = 0, the capacity region is
R1 ≤ min{r1 , r2 , . . . , rK }, and

(12)

≤ n(r2 − R2 ).

≤ I(W2 , W3 ; Y1n , Y2n , Y3n |W1 )

Theorem II.3. Let L > 3.
(i) For R2 = R3 = . . . = RL−1 = 0, the capacity region is

m = 1, 2, . . . , K − 1}.

(11)

H(Y2n |W1 )

(4)

For the 3-user problem, a blocklength-1 scheme like the
one for the 2-user problem is not available. We present our
achievable scheme in Section IV. Our scheme reduces the
problem to many virtual multicast problems. These multicast
problems can then be solved using compound channel codes,
or somewhat more explicitly using ideas from network coding.
We prove the converse in the next section.
For K > 3 users, we can characterize two cases: (i) when
there are only two messages, one common and the other
private for user K; and (ii), when one message is common
and the other is interesting to all except user 1.

R1 ≤ min{r1 , r2 , . . . , rK }, and

Similarly,

H(Y1n |W1 ) ≤ n(r1 − R1 ).

such vectors, we have H(Y3n |Y1n , Y2n ) ≤ n(r1,2,3 −r1,2 ). Thus
2R1 + R2 + R3 ≤ r1 + r2 + r1,2,3 − r1,2 .

(9)
(10)

To prove (8), we give the outputs of users a1 , a2 , . . . , am
to user L and follow the same argument as above.

III. O UTERBOUNDS

IV. ACHIEVABILITY

We first prove the converses for all the theorems. The
conditions (3) - (5), (7), (9), and (10) follow trivially from
the point-to-point capacity considerations. The idea behind
showing (6) is to give the outputs of users 1 and 2 (i.e., Y1 and
Y2 ) to user 3. The intuition is that this inequality captures the

To show the achievability in Theorem II.2, it is enough to
show how the six marked corner points in Figure II-B can be
achieved since the rest of the boundary of the region can be
obtained by time-sharing between these corner points. To show
the achievability of a corner point (R1 , R2 , R3 ), our strategy

R1 + R2 ≤ min{r2 , . . . , rK }.

C

R3
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The degraded message set capacity region of the 3-user linear deterministic broadcast channel.

is to reduce the problem into three virtual parallel multicast
problems (where a single message needs to be conveyed to
many receivers), one for each of the messages. In particular,
the input X will be of the form
X = X1 + X2 + X3 ,
where Xk ∈ Gk , k = 1, 2, 3, such that Gk ’s are subspaces of
Fm . We treat Xk as the input to the virtual channel for the
multicast problem carrying message Wk . The outputs of the
virtual channel carrying message W1 are defined as follows
by means of matrices P1,j ’s
Y1,1 = P1,1 Y1 = P1,1 H1 (X1 + X2 + X3 ),
Y1,2 = P1,2 Y2 = P1,2 H2 (X1 + X2 + X3 ),
Y1,3 = P1,3 Y3 = P1,3 H3 (X1 + X2 + X3 ).
0
The matrices P1,j
s will be chosen such that the following two
conditions hold for each j = 1, 2, 3:
(1a) G2 ⊕ G3 is in the nullspace of P1,j Hj . This will ensure
that Y1,j = P1,j Hj X1 .
(1b) The dimension of (P1,j Hj )-image of G1 is at least R1 .
The first condition eliminates the interference from messages
W2 and W3 on the virtual channel outputs Y1,j ’s for message
W1 . The second condition ensures that the resulting virtual

channel can support a multicast rate R1 for the message W1 .
It is easy to see from results on compound channel [13] that
a random code built with a uniform input distribution over
G1 will achieve this. In fact, a linear code can be used to
achieve this by using ideas along the lines of results in network
coding [18].
Once all the users have decoded message W1 , they can
eliminate the effect of this message on the outputs. We define
the outputs of the virtual channel for message W2 as follows
Y2,2 = P2,2 (Y2 − H2 X1 ) = P2,2 H2 (X2 + X3 ),
Y2,3 = P2,3 (Y3 − H3 X1 ) = P2,3 H3 (X2 + X3 ).
Again, we choose the matrices to satisfy the following conditions for j = 2, 3
(2a) G3 is in the nullspace of P2,j Hj . This will ensure that
Y2,j = P2,j Hj X2 .
(2b) The dimension of (P2,j Hj )-image of G2 is at least R2 .
These conditions are enough to make sure that we have a
virtual channel for the multicast problem with message W2
and users 2 and 3 as receivers, and a code for this channel
exists which can support rate R2 .
Finally, user 3 can eliminate the effects of W1 and W2 after
successfully decoding these messages. This creates a virtual
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Block diagram showing the reduction to two multicast problems when message 2 is absent (R2 = 0).

channel for delivering message W3 .
Y3,3 = (Y3 − H3 (X1 + X2 )) = H3 X3 .
We should make sure the following condition is satisfied in
order to deliver message W3 at rate R3 to user 3:
(3b) The dimension of H3 -image of G3 is at least R3 .
Thus to demonstrate the achievability, it is enough to show
that for each of the corner points in Figure II-B, we can
choose G1 , G2 , G3 , P1,1 , P1,2 , P1,3 , P2,2 , and P2,3 satisfying
the above conditions.
Point A: If r3 ≤ min(r1 , r2 ), R1 = r3 , R2 = R3 = 0. Then,
the choices are clear G1 = Fm , G2 = G3 = {φ}, where φ
is the zero-vector in Fm , and P1,1 = I, P1,2 = I, P1,3 =
I, P2,2 = [], and P2,3 = [].
If r3 ≥ min(r1 , r2 ), without loss of generality for point A,
we can assume r1 ≤ r2 . Then R1 = r1 , R2 = 0, and
R3 = min(r3 − r1 , r2 − r1 + r1,2,3 − r1,2 ).
We set G2 = {φ}, P2,j = [] and satisfy conditions (2a) and
(2b) trivially. Since R1 = r1 , to satisfy condition (1b), we
must choose G1 = Fm and P1,1 = I. In addition, to satisfy

condition (1a) we should choose G3 to be a subspace of the
nullspace N1 of user 1’s channel matrix H1 . We will do this
next for which we need the following simple fact from linear
algebra.
Fact 1: There are sets U, V, W, Z of linearly independent
vectors in Fm such that U ⊆ N1,2,3 , V ⊆ N1,2 \N1,2,3 , W ⊆
N1,3 \N1,2,3 , Z ⊆ N1 \(N2 ∪ N3 ), and the following are true
• U is a basis for N1,2,3 ,
• U ∪ V for N1,2 ,
• U ∪ W for N1,3 , and
• U ∪ V ∪ W ∪ Z for N1 .
Then the cardinality of these sets are |U | = m − r1,2,3 , |V | =
r1,2,3 − r1,2 , |W | = r1,2,3 − r1,3 , |Z| = −r1 + r1,2 + r1,3 −
r1,2,3 .
We construct G3 by picking basis vectors for it starting from
V and if required we will continue picking from Z if V is
exhausted until R3 vectors have been picked. Since |U ∪ Z| =
r1,3 − r1 ≥ r3 − r1 ≥ R3 , we are guaranteed to find enough
basis vectors to construct G3 . Since G3 ∩N3 = {φ}, condition
(3b) is satisfied. To choose P1,2 and P1,3 so that condition (1a)
is satisfied, we will use the following fact.

N1

Z

N3
N2

V

W
U

Z’

Fig. 3.

W’

Diagram illustrating Fact 1 and Fact 3.

Fact 2: Let N be the nullspace of H ∈ Fn×m . If Ñ ⊇ N be
a subspace of Fm , then there is a matrix P ∈ Fn×n such that
Ñ is the nullspace of P H.
By defining Ñ2 = N2 ⊕ G3 ⊇ G3 , the above fact allows us
to find a P1,2 such that G2 ⊕ G3 = G3 is in the nullspace of
P1,2 H2 as required in condition (1a). Also, the dimension of
(P1,2 H2 image of G1 = Fm is just
m − dim(Ñ2 ) = m − (dim(N2 ) + [R3 − |V |]+ )
= r2 − [R3 − r1,2,3 + r1,2 ]+ ≥ r1 = R1 ,
where [x]+ = max(0, x). This ensures that our choice of P1,2
also satisfies condition (1b). Similarly, defining Ñ3 = N3 ⊕G3
and noting that
m − dim(Ñ3 ) = m − (dim(N3 ) + R3 ) = r3 − R3 ≥ r1 = R1 ,
we can find P1,3 to satisfy conditions (1a) and (1b).
Point B: This point is distinct from point A only when
r3 ≥ max(r1 , r2 ) + r1,2,3 − r1,2 .
Again, without loss of generality, we will assume that in
addition r1 ≤ r2 . Then point B is
R1 = r1 + r2 − r3 + r1,2,3 − r1,2
R2 = 0
R3 = 2r3 − r1 − r2 − r1,2,3 + r1,2

To see how to achieve point B we need the following fact.
Fact 3: There are sets W 0 ⊆ N2,3 \N1,2,3 and Z 0 ⊆ N2 \(N1 ∪
N3 ) of linearly independent vectors such that for the linearly
independent sets in Fact 1, along with the properties stated
there, the following are true
•
•
•

U ∪ W 0 is a basis for N2,3 ,
U ∪ V ∪ W 0 ∪ Z 0 for N2 , and
U ∪ V ∪ W ∪ W 0 ∪ Z ∪ Z 0 for N1 ⊕ N2 .

Also, |W 0 | = N1,2 −N1,2,3 and |Z 0 | = −r2 +r1,2 +r2,3 −r1,2,3 .
We will now identify a subspace Ñ1 ⊆ N1 and use Fact 2 to
find a P1,1 such that Ñ1 is the nullspace of P1,1 H1 . We can
treat this as the channel matrix of a user, say user 1’ whose
output can be derived from that of user 1. We will show that
the point A for the problem with user 1 replaced by user 1’
coincides with the point B we are trying to achieve here and
thus complete the proof of achievability of point B. We define
Ñ1 = N1 ⊕ G̃1 where G̃1 is the subspace spanned by picking
some r1 − R1 vectors from Z 0 . It is possible to pick these
vectors since |Z 0 | − (r1 − R1 ) = r2,3 − r3 ≥ 0. Point A with
user 1 replaced by user 1’ can be easily checked to be
(r10 , 0, min(r3 − r10 , r2 − r10 + r10 ,2,3 − r10 ,2 ) = (R1 , 0, R3 ).
Point C: Here R1 = R2 = 0 and R3 = r3 . This is easy to
achieve by transmitting only the message W3 to user 3 at the
point-to-point capacity r3 of this user.

Point D: Only users 2 and 3 are being sent to at this point.
Thus, it is a two-user problem. We can treat it as point A with
W2 playing the role of W1 there, and effectively removing
user 1 by setting H1 = I. A more concrete way of seeing the
achievability follows. If r2 ≥ r3 , point D is R2 = r2 , R1 =
R3 = 0. This can be achieved by choosing G2 = Fm , P2,j =
I, and all the other P = [] and G1 = G3 = {φ}. When
r2 < r3 , point D i R1 = 0, R2 = r2 , R3 = r3 − r2 . Then we
use the following fact
Fact 4: There are sets R, S, T of linearly independent vectors
such that R ⊆ N2,3 , S ⊆ N2 \N2,3 , and T ⊆ N3 \N2,3
satisfying the following:
• R is a basis for N2,3 ,
• R ∪ S is a basis for N2 ,
• R ∪ T is a basis for N3 , and
• R ∪ S ∪ T is a basis for N2 ⊕ N3 .
We will choose G3 as a subspace spanned by R3 = r3 − r2
linearly independent vectors from S which has size |S| =
r2,3 − r2 ≥ R3 . We also set G2 = Fm and G1 = {φ}.
Fact 2 will allow us to choose a P2,3 . We also set P2,2 = I,
and P1,j = []. It is easy to check that all the conditions are
satisfied.
Point F: We can assume without loss of generality, r1 ≤ r2 ≤
r3 , since otherwise this point does not appear as a distinct corner point. [If r3 ≤ min(r1 , r2 ) F coincides with A=(r3 , 0, 0).
If r3 ≤ min(r1 , r2 ), but r2 ≤ r1 , F again coincides with A
which will now be (r2 , 0, min(r3 −r2 , r1 −r2 +r1,2,3 −r1,2 ))].
Then point F is
R1 = r1 , R2 = r2 −r1 R3 = min(r3 −r2 , [r1,2,3 −r1,2 −r1 ]+ ).
Using Fact 1, we make the following choices.
G1 = Fm , P1,1 = I.
G2 is formed by picking basis vectors, first from Z. If |Z| ≥
r2 − r1 = R2 , then upon picking R2 basis vectors we stop.
However, if |Z| < r2 −r1 , we will continue picking more basis
vectors for G2 . Now, we pick [R2 − |Z|]+ pairs of vectors,
each pair containing one vector from W and one from V . It
is easy to see that there are enough vectors to pick since

Point E: This point is distinct from point F only when (6) is
active. Then point E is
R1 = r1 + r2 + r1,2,3 − r1,2 − r3 ,
R2 = min(r2 , r3 ) − R1 ,
R3 = r3 − min(r2 , r3 ).
If r2 ≥ r3 , this coincides with point D. Hence, we can assume
that r2 < r3 , and point E becomes
R1 = r1 + r2 + r1,2,3 − r1,2 − r3 ,
R2 = r3 − r1 − r1,2,3 − r1,2 ,
R 3 = r3 − r2 .
Acheivability of this point can be shown by considering the
user 1’ we created to prove the achievability of point B. It is
not hard to show that the point E under consideration is in fact
point F of the problem where user 1 is replaced by user 1’.
This concludes the proof of achievability of Theorem II.2. The
achievability of Theorem II.3 uses similar ideas and is omitted.
V. C ONCLUSION
In this paper we studied the degraded message set problem
for linear deterministic broadcast channel. The rate-region
for the two-message problem is illustrated in Figure 4. The
interesting region is that shown in Figure 4(a), which shows a
piecewise linear characterization. Though we have a characterization for the 3-user problem, the general characterization is
elusive. Also, as part of ongoing work, we are connecting these
results to an approximate characterization of the corresponding
Gaussian problem. There seems to be an intimate connection
between the degrees-of-freedom (high-SNR) characterization
and the deterministic channel. We hope that this connection
would shed more insight to long-standing open questions on
broadcast channels.
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